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Abstract

We formulate and analyse an optimal control problem for the coagulation—fragmentation equation,
where a scalar, time-dependent control modulates the coagulation rate by multiplying the coagulation
kernel. The objective functional consists of a quadratic penalisation of the control and a terminal
cost depending on the final size distribution. In a weighted L' framework, we prove weak-to-weak
continuity of the control-to-state map under perturbations of the coefficients and obtain existence of
optimal controls by the direct method. We then establish I'-convergence of the corresponding cost
functionals, providing stability of optimal controls and justifying truncation of unbounded kernels in
the optimisation setting. For bounded coagulation kernels we show differentiability of the dynamics,
derive an adjoint equation, and obtain a Pontryagin-type minimum principle. Lipschitz continuity of the
gradient with respect to the control yields, at the continuous level, convergence of a projected-gradient
algorithm with Armijo backtracking. A proof-of-concept finite-volume implementation is then used in a
numerical study targeting the number of particles within a prescribed size window, demonstrating that a
single low-dimensional actuator can effectively reshape an infinite-dimensional particle-size distribution.

1 Introduction

The coagulation-fragmentation equation is a partial differential equation that describes the evolution
of particle systems undergoing aggregation and break-up. It appears in aerosol physics [17, 34], polymer
science [39], blood coagulation [32, 33], and many other disciplines.

Mathematically, letting f(¢,z) denote the density of clusters of size x > 0 at time ¢ > 0, the system’s
dynamics are then described by the following integro-differential equation

atf(t,x> :Cf(tax>+]:f(ta$)7 (1)

with the coagulation and fragmentation operators defined respectively as
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Here K (z,y) denotes the coagulation kernel, prescribing the rate at which particles of sizes x and y merge
to form a particle of size x +y. Accordingly, the coagulation operator consists of a gain term, which accounts
for the formation of particles of size x as the outcome of binary coalescence of smaller clusters of sizes y
and x — y, and a loss term, corresponding to their disappearance through coalescence with other particles.
Similarly, the fragmentation dynamics are characterised by a break-up rate o and a daughter distribution b,
where b(x,y) denotes the density (with respect to x) of producing a fragment of mass = from a particle of
mass y > x. Thus the fragmentation operator accounts for both the loss of particles due to break-up and
the gain of particles of size x arising from the disintegration of larger clusters.

The origins of coagulation modelling trace back to Smoluchowski’s discrete model [35, 36]. Miiller soon
formulated a continuous-size version [29], and Melzak incorporated fragmentation [27, 28]. The framework
most widely used today is due to Vigil and Ziff [40]. Existence and uniqueness of solutions have been
established under varied assumptions; see the survey [5, 6]. Current research addresses well-posedness, long-
time asymptotics and self-similarity [7, 15] as well as gelation and shattering, the loss of mass through
formation of, respectively, an infinite cluster or dust [19, 26].



1.1 Motivations

In many applications, coagulation-fragmentation systems are not only used to describe the evolution of
particle sizes, but also to steer it toward desired outcomes. Whether the goal is to reduce the concentration
of fine particulates, control clot formation, or tune polymer properties, the ability to influence the size
distribution has become increasingly important. Two representative examples are the following.

Fine-particle mitigation in aerosols. Sub-2.5num particulates (PMs 5) remain airborne, penetrate
deep into the lungs, and evade ordinary filters. Raising relative humidity, injecting trace electrolytes, or
altering temperature promotes droplet coalescence and agglomerates fines into super-micron clusters that
are more easily captured [20, 23]. Each intervention acts, to leading order, as a scalar scaling of the collision
frequency.

Size control in polymer reactors. Surfactants, inhibitors, and initiators tune the rate at which
growing polymer particles merge, thereby fixing latex diameter and molecular weight distribution [16, 25].
Here again the primary effect is a time-dependent multiplicative factor on the coagulation kernel.

Both scenarios share key structural features: the control primarily targets coagulation; the system is
infinite-dimensional but the control remains low-dimensional; and the goal is typically to optimise a functional
of the final size distribution. These characteristics fall naturally within the framework of infinite-dimensional
optimal control.

1.2 The optimal control problem

Motivated by the previous discussion, we introduce a controlled model in which a scalar control
uel :={ueL?0,7T): u(t) € [Umin, Umax] for a.e. t € (0,T)}.

modulates the coagulation rate. Concretely, we replace the original kernel K (x,y) by the time-dependent
kernel R
K(t,z,y) = u(t) K(z,y).
We assume that 0 < umin < 1 < tUmax < 400 so that the uncontrolled dynamics correspond to u(t) = 1;
choosing u(t) > 1 accelerates coagulation, while u(t) < 1 slows it down.
With this control in place, the coagulation—fragmentation equation can be rewritten as follows

6tf(tvx) - u(t)Cf(t, I) + ]:f(tv‘r)v (4)

with C and F given by (2)-(3). Equation (4) is a nonlinear nonlocal PDE in which the control acts multi-

plicatively on the nonlinear (coagulation) part of the dynamics. For physical reasons, namely a finite number

of particles and finite total mass, we study (4) in a suitably weighted L' space (see Section 2.1).
Associated with (4) we consider the optimal control problem

T
w 2
inf — t)—1)"dt T OoCP
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where the running cost penalises deviations from the baseline u = 1, that is, the use of the control. The
weight w > 0 modulates the strength of this penalisation. A specific terminal cost of practical interest is

Tmax

B(f) =+ / f() d,

min

so that the objective is to minimise or mazimise the total number of particles whose sizes lie in the interval
[Zmin, Tmax). This simple choice reflects the applications in Section 1.1: suppressing fines in aerosols or
concentrating polymer particles within a desired window.

1.3 Contributions and related work

The main goal of this paper is to analyse the optimal control problem (OCP). At a qualitative level,
we prove that, under standard structural assumptions on the coefficients, problem (OCP) admits optimal
controls and that these controls are stable under perturbations of the kernels. In the bounded-kernel regime,
we further derive a Pontryagin-type minimum principle that characterises optimal controls through an adjoint
state evolving in the dual of the natural weighted L' state space. This leads to an explicit gradient formula,
from which we deduce Lipschitz continuity of the reduced gradient and, at the continuous level, convergence
of a projected-gradient scheme. Finally, we present an illustrative numerical test case.



1.3.1 Related work

Inverse problems for coagulation-fragmentation systems, most notably the identification of unknown
coagulation or fragmentation kernels from size-distribution data, have been widely studied, both analytically
and numerically, typically via regularisation strategies or short-time asymptotics; see, for instance, [2,12,13].

In a related but distinct direction, optimal and geometric control techniques have been developed for
structured-population and growth—fragmentation models, in particular in connection with prion amplification
and PMCA-type systems; see, e.g., [10, 9]. These works concern either finite-dimensional approximations
or linear structured dynamics, and therefore do not cover the nonlinear coagulation-fragmentation equation
considered here.

On the applied side, optimal control of population balance models has been studied extensively in chemical
engineering, especially for crystallisation and granulation processes, where the goal is often to shape particle-
size or crystal-shape distributions; see, for instance, [30, 22, 11]. However, these contributions typically
concern first-order or reduced population-balance models arising in particle-processing applications, and are
primarily oriented toward process design and numerical optimisation rather than a rigorous optimal-control
analysis of a nonlinear coagulation-fragmentation PDE.

To the best of our knowledge, a rigorous optimal-control theory for nonlinear coagulation-fragmentation
equations treated directly at the PDE level in weighted L'-type spaces does not seem to be available in the
literature. The present work addresses this gap by formulating and analysing an optimal control problem
directly for the coagulation-fragmentation equation.

1.3.2 Main contributions

The analysis proceeds in four steps.

1. Existence of optimal controls. We first establish weak-to-weak continuous dependence of solutions
on the control (and on the kernels); see Theorem 3.3. This allows us to prove existence of optimal
controls for (OCP) by the direct method, provided the terminal cost is weakly lower semi-continuous;
see Theorem 3.1. A key technical difficulty is that the control acts multiplicatively on the bilinear
coagulation operator, so the controlled term is trilinear in (u, f, f) and each factor converges only
weakly. Overcoming this obstacle requires a careful use of compactness in the state space and of a
product lemma a la Egorov (Proposition 3.8).

2. T-convergence and stability. The same continuity framework accommodates perturbations of the
coefficients. We prove I'-convergence of the family of cost functionals associated with perturbed kernels
and show convergence of minimisers to those of the limit problem; see Theorem 3.2. This extends
the classical truncation arguments for unbounded coagulation kernels, traditionally used to construct
solutions of the PDE, to the optimal control setting, and justifies approximating unbounded kernels
by bounded ones when computing gradients.

3. Adjoint equation, gradient formula, and minimum principle. When the coagulation kernel is
bounded, the coagulation operator C is continuously Fréchet differentiable. Linearising the dynamics
along a reference trajectory (f*,u*) and working in the dual state space, we derive a weak-* well-posed
backward adjoint equation

—0ip™(t) = u*(t) DC[E* (D))" " (8) + F " (1),
whose solution ¢* yields an explicit gradient representation
Vo (u)(t) = w(u*(t) — 1) + <<,0*(t)7 Cf*(t)>,

see Theorem 4.1. Because the state space is a nonreflexive weighted L' space, and because the adjoint
fragmentation operator is defined only on a weak-* dense domain, the adjoint equation has to be
formulated in a mild weak-* sense. From the adjoint system we derive a Pontryagin-type minimum
principle and a pointwise characterisation of optimal controls as projections of the unconstrained
minimiser of the Hamiltonian; see Theorem 4.2. Under a natural Lipschitz assumption on the terminal
cost, we also show that the gradient V,J: U — L?(0,T) is Lipschitz continuous (Theorem 4.1). At
the continuous level, this regularity yields convergence of the projected-gradient method with Armijo
backtracking.

4. Numerical illustration. As a proof-of-concept, we discretise the state and adjoint equations with a
finite—volume scheme and solve (OCP) via projected gradient descent with Armijo backtracking. The



numerical example, inspired by aerosol physics applications, demonstrates that a single low-dimensional
actuator can substantially reshape the full size-distribution within a prescribed window. This section
is intended as an illustration only: we do not address discrete adjoint consistency or convergence of
the fully discretised optimisation scheme.

Historically, well-posedness for the coagulation-fragmentation equation has mainly been studied through
two approaches: the semigroup method, initiated by [1], and the truncation and weak-compactness strategy
a la Stewart [37]. These two approaches are based on different notions of solution: the former relies on mild
semigroup solutions, while the latter uses a pointwise formulation; see Definitions 4.7 and 2.1, respectively.
In the present work, we adopt the latter notion in order to establish existence of optimal controls and the
associated I'-convergence result. We also believe that this formulation is better suited to possible extensions,
for instance to size-dependent controls. By contrast, the semigroup framework is the natural setting for
the analysis of the linearised dynamics and the adjoint equation. It is therefore necessary, in the bounded-
coagulation regime, to prove that these two notions of solution coincide. While such an equivalence is
expected, to the best of our knowledge it does not seem to be available in the literature in the weighted
setting considered in this paper.

2 The controlled coagulation—fragmentation equation

In this section we introduce the functional framework and recall the basic properties of the controlled
coagulation—fragmentation equation (4). We fix the state space, specify the notion of solution, state the
standing structural assumptions on the kernels, and collect the mapping properties of the operators C and
F together with a well-posedness result for the controlled dynamics.

2.1 Functional setting

We represent the system by a number density f: (0,00) — R>o, where f(z) counts particles of mass .
Physical feasibility requires finite particle number and finite total mass, i.e.,

Mo(f) = ||f|o=/ooo|f(x)d$<007 M (f) = ||f||1=/000$|f(x)d96<00-

It is therefore natural to work in the weighted space
Xo,1 = L'((0,00), (1 + 2)dz) = XoN X1, Xo:=L"'((0,00)), Xi:=L"((0,00),zdz)

which is a Banach space under
(oo}
oy = [ (G +a)r@)ds.

Here Xy controls the particle number My, X; controls the mass M;, and their intersection encodes the
regime relevant for our controlled dynamics and costs.

We denote by C([0,T], Xo,w) the space of maps f : [0,7] — X, that are continuous with respect to the
weak topology of Xy, that is, such that for every ¢ € X§ = L*°(0, 00) the scalar map

t— /000 ft, x)p(z) de

is continuous on [0, T7.
We say that a sequence (f,)nen C C([0,T], Xow) converges uniformly in time in the weak topology of
Xo to £* € C([0,T], Xo,w) if, for every ¢ € L>(0, c0),

sup —0 as n — oo.

t€[0,T]

/O T (60t ) — £ (8 2)) () da

2.2 The notion of solution and standing assumptions

We next fix the solution concept [37] for the controlled equation and list the structural assumptions on
K, a, and b.

Definition 2.1. Let u € U be fixed, and let fi, € Xo1 satisfy fin > 0. A solution of (4) with initial
condition fi, and control u is a function f: [0,7] — Xo 1 such that for a.e. z € (0, c0):



(Sl) f(ovx) = fin(x)Q
(S2) £(t,x) > 0 for every t € [0,T7;
(S3) t+— f(¢t, ) is continuous;

(S4) for every t € [0,T]
/0 /0 K(z,y)f(r,y)dydr < +o00 and /o /z b(x,y)a(y)f(r,y)dydr < +o0;
(S5) for every t € [0, 7] it holds
f(t,x) = fin(x) + /0 |:u(T)Cf(T, x) + Ff(r, J:)] dr. (5)

Remark 2.2. Before proceeding, let us comment on Definition 2.1. Condition (S2) reflects the interpretation
of f(t,-) as a particle density for every ¢ € [0,7T], and therefore imposes nonnegativity. Condition (S3)
prescribes the time regularity of the solution in the sense of Stewart [37]. Finally, condition (S5) gives the
integral formulation of (4); in particular, for a.e. z € (0,00), it requires that 7 — u(r)Cf(7,z) + Ff(7, x)
belongs to L!(0,T).

Since the gain contributions are nonnegative, while the loss contributions are nonpositive, the right-hand
side of (5) could, a priori, involve cancellations between terms that are not separately integrable. Condition
(S4), together with (S3), which yields boundedness of f(-,z) for a.e. x, ensures the time integrability of
the coagulation-loss term, the fragmentation-loss term, and the fragmentation-gain term, thereby excluding
such ambiguities and making the splitting in (5) meaningful. More precisely, for a.e. € (0,00) and every
t € 10,7, (5) can be rewritten as

() = fun(o) + 5 [ 000) [ Ky ) 8 £ — ) dy i
f/ou( TZL'/ K(z,y)f(r,y)dydr

—/ a(x) TxdT—i-// b(x,y) aly) f(r,y) dy dr.

We make the following assumptions on the coagulation kernel K, fragmentation rate o and daughter
distribution b.

Assumptions H
K, a and b satisfy:
(H1) K: (0,00) x (0,00) — R is measurable and satisfies K (x,y) = K(y,x) > 0 for every x,y > 0;
(H2) there exists Ky > 0 and 0 < p < 1 such that K(x,y) < Ko(1+x)*(1+y)* for every z,y € (0, 00);
(H3) a(z) = apz? with ag >0 and 1 > X\ > p;

(H4) there exists v € (—1, 0] such that

24+v/z\Y
ba) = 2 (y) Lo (@).

Several remarks regarding these assumptions are in order.

Remark 2.3. We assume that the coagulation kernel K is symmetric (see Hypothesis (H1)), which is natural
from a modelling viewpoint: the rate at which a particle of size z coagulates with one of size y should
coincide with the rate at which a particle of size y coagulates with one of size . The growth condition in
Hypothesis (H2), together with the requirement A > u (ensuring that fragmentation dominates coagulation),
is customary in order to rule out the well-known phenomenon of gelation [19], that is, the loss of mass at
infinity in finite time.



The growth assumption on « is standard when working in the space Xy ;. For faster fragmentation
rates, one typically needs control of higher moments and therefore a stronger weighted setting, such as
L'((0,00), (1 4+ aP) dx) for some p > 1, or related interpolation spaces; see, for instance, [5, Chapter 5].

Remark 2.4. Two elementary consistency checks justify the daughter law in Assumption (H4):

(i) Local conservation of mass. During a single break—up the parent mass is only redistributed:
Y
/ xb(z,y)de =y. (6)
0

(ii) Finite number of fragments. The total number of fragments produced by a fragmentation event is

Y v+2
= ::N .
/0 b(z,y)dx " y < 400 (7

The special case v = 0 yields the classical binary fragmentation kernel b(z,y) = 2/y, for which Ny = 2.

Both identities follow from a short calculation (omitted here) and highlight why the structural conditions
on b are essential: they rule out unphysical scenarios such as mass creation and loss or an infinite burst of
particles from a single fracture.

Remark 2.5. The fragmentation rate a and daughter distribution b prescribed in Assumptions (H3) and
(H4) form one of the most widely used kernel families in applications [41, 26, 38, 3]. Their appeal rests on
three complementary features:

(i) Mathematical tractability. The power-law rate and self-similar daughter law fit naturally within
weighted-space well-posedness theory and lead to convenient moment estimates.

(ii) Size dependence with scale invariance. Larger particles break more rapidly, yet the statistics of
each split depend only on the ratio x/y, in line with experimental evidence.

(iii) Data-friendly tuning. The family is completely characterised by just three parameters, «g, A, and
v, which facilitates calibration from limited or noisy data.

This blend of physical realism, analytical simplicity, and ease of calibration explains why the family has
become canonical in the fragmentation literature.

Remark 2.6. Assumptions (H3) and (H4), although standard and widely used in practice, can be relaxed.
The analysis below only relies on the following properties:

(i) the uncontrolled coagulation—fragmentation equation is well-posed in X 1 in the sense of Definition 2.1;
(ii) mass is conserved and each fragmentation event produces only finitely many fragments;

(iii) for every R > 0, y € (0,00) and every Borel set E C (0, R),

min{y,R}
/0 15(2) bz, y) aly) dz < pr(E)(1 +y7), (8)

where |E| denotes the Lebesgue measure of E, 0 < ¢ < 1 and pg: [0,00) — [0, 00) satisfies pg(e) — 0
as € — 0;

(iv) the fragmentation operator generates a Cy-semigroup on Xy 1 (see Proposition 2.7).
Condition (iii) is satisfied by our kernels. Indeed, since ¥ is nonnegative and nonincreasing on (0, 0c) for

€ (—1,0], for every Borel set E C (0, R) and every y > 0 we have

min{y,R} min{y,R}
/ 15(2) bz, y) aly) de = ag(v + 2) y*~ @D / 1g(x)2” dx
0 0

min{|E|,y}

< ap(v +2)y*~ D / ¥ dx
0
2
= ao% D min{| By}



Therefore, choosing ¢ := max{0, A — (v + 1)} we have ¢ € [0,1) and a simple case distinction on y < |E| and
y > |E| shows that
g min{| By}t < C(IEP + B (1 +yY),

for some constant C' > 0. Hence condition (iii) holds with
pr(e) = C(e* +eth).

Assumptions (i)—(iii) are fulfilled by a fairly large class of kernels and already suffice to prove existence
of optimal controls, as well as our main convergence result, provided that the functions pr can be chosen
uniformly for all kernels involved. The semigroup property in (iv) is more restrictive, but it still holds for a
broad class of fragmentation kernels, see, for instance, [6, Chapter 5.1.4]. We use (iv) only in the derivation
of the Pontryagin minimum principle and in the gradient computations.

2.2.1 The coagulation and fragmentation operators

We present several properties that the coagulation and fragmentation operators possess under Assump-
tions H.
First, we split the coagulation operator into its gain and loss parts: Cf = Cyf + C; f, where

1 xT
€@ = [ Ko —0) 1) fo ) 9
0
Cif(a) =~ f(a) [ Klay) f0)d. (10)
0
The fragmentation operator F is an unbounded linear operator with domain

dom(f) = {f € XO,I : af € X()’l}.

It can also be decomposed into its gain and loss parts, F f(z) = F, f(x) + Fif(x), by setting

ot = [ b0 a) 1) . Fif (@) = —alz) f(z). (1)

The fragmentation operator generates a semigroup on Xg 1. The detailed proof can be found in Theorem
5.1.28 and Corollary 5.1.29 in [6, Chapter 5]. In particular, Theorem 5.1.28 provides more general conditions
than Assumptions H for the existence of the fragmentation semigroup in X 1.

Proposition 2.7. Under assumptions (H8) and (H4), the fragmentation operator F: dom(F) C X1 —
Xo,1 15 densely defined, closed and generates a Cy-semigroup Tr on Xo1. In particular there exists My > 0
and wr € R such that

||7-]:(t)H S M]:@wft Vit 2 0.

2.3 Well-posedness of the controlled equation

Under Assumptions H and the boundedness of the control u, the classical well-posedness theory for coagu-
lation—fragmentation equations extends with straightforward modifications to the controlled case. Existence
is based on a truncation argument together with weak compactness in L! that allows for the recovery of the
solution of the equation as limit of the solutions of the truncated problem. This technique is standard in the
coagulation-fragmentation equations literature, see, for example, [6, Theorem 8.2.23] for a proof of existence
in our setting. For uniqueness, we instead refer to [18]. Hence, the controlled coagulation—{ragmentation
equation (4) is well-posed. Moreover, solutions are mass preserving and the growth of the number of particles
is controlled.

Theorem 2.8. Given an initial condition fi, € Xo,1 and a control u € U, there exists a unique solution f,
of (4) with such initial condition and control. Moreover, such a solution is mass-conserving, namely

M (£fa(t)) = My (fin)  Vt€[0,T], (12)
and there exists Co1 > 0 depending only on o and b such that for every t € [0,T]

Mo (£a()) < (o1 < lfinllo, Coae ™" (13)



3 Optimal control and stability

In this section, we study the optimal control problem (OCP), establish the existence of optimal controls,
and analyse the stability of minimisers under perturbations of the coagulation and fragmentation kernels.
The key ingredients are a weak-to-weak continuity result for the control-to-state map and a I'-convergence
argument.

We recall the cost functional J: U — R,

J(u) = & /0 (u(t) = 1)%dt + &(Ea(T)), (14)

where 9 : Xo1 — R and f, is the solution to (4).
We present the two main results of this section below.

Theorem 3.1 (Existence of optimal controls). Assume that the coefficients (K, a,b) satisfy Assump-
tions H and that 1 is Xg-weakly lower semi-continuous. Then the optimal control problem

A

admits at least one solution u* € Y.

To discuss stability, we consider a sequence of coefficients (K,,, ay, b,) converging to a limit (K*, o*, b*)
(as specified in Assumptions C1-C4 in Section 3.1). Let J,, and J* denote the cost functionals associated
with the perturbed coefficients and the limit coefficients, respectively, defined analogously to (14).

Theorem 3.2 (I-convergence and stability). Under the convergence assumptions of Section 3.1, if
¥ is Xo-weakly continuous, the sequence J, I'-converges to J* with respect to the weak topology of
L2(0,T). Consequently, if (0,), is a sequence of minimisers for J,, any weak accumulation point u*
is a minimiser of J*.

The proofs of these results are organised as follows:

1. Section 3.1: Dependence on the controls. First, we establish the weak-to-weak continuity of
the control-to-state map, allowing for varying kernels. The central difficulty is identifying the limit in
the trilinear term (control multiplying the coagulation bilinear form) where all factors converge only
weakly. We overcome this by repeated applications of Proposition 3.8 and a tail estimate based on
mass conservation.

2. Section 3.2: Existence and Stability. We then apply the direct method of the calculus of variations
to prove existence of optimal controls. Finally, we prove Theorem 3.2 (I'-convergence) by exploiting
the weak compactness of U and the continuity results of the previous step.

3.1 Continuous dependence

In this part we prove a weak-to-weak continuity result for the dependence of solutions on the controls.
We also allow the kernels to vary. More precisely, for every n € N we consider a control u,, € U, a coagulation
kernel K, and a fragmentation rate and daughter distribution

" 24+ v, [z\"
an(x) = 0401,)\"7 bn(x?y) = y (y) IL(O,y)(‘r)a (15)

which satisfy Assumptions H, so that there exists a unique corresponding solution f,. We then study the
convergence of the sequence of solutions (f,),en.



Theorem 3.3. Assume that

(C1) u,, — u* in L*(0,T);

(C2) K, — K* uniformly on compact subsets of (0,00)2, and there exist ji > 0 and Ko > 0 such that
Kn(z,y), K*(x,y) < Ko(1 4 2)*(1 +y)*  for every (x,y) € (0,00)? and n € N;

(C3) af — af >0 and X\, — X\* € (0,1) with \* > ji;

(C4) vy, — v* € (—1,0].

Define

* v
o*(x) = oz(*):r)‘*, b*(x,y) = il <x) ,
Yy Y
and let £* denote the unique solution of the controlled coagulation-fragmentation equation associated
with the limit data u*, K*, a* and b*, with the same initial condition fi,.
Then £, — £* in C([0,T], Xo.w), i.e. £,(t) — £*(t) uniformly in time in the weak topology of Xo (see
Section 2.1).

Remark 3.4. The proof of Theorem 3.3 also applies when «o* is approximated by truncations, for instance
by taking
Cvn(il') = a*(x)]l[o,n] (x)a

since in this case property (i) of Lemma 3.5 is trivially satisfied. In the truncated setting, existence and
uniqueness of solutions follow from a standard fixed-point argument; see, for instance, [37, Theorem 3.1].
Moreover, the corresponding truncated initial conditions converge strongly to fi, by the dominated conver-
gence theorem. Therefore, by considering a constant control u,, = u, a straightforward adaptation of the
following argument may also be viewed as an existence proof for the full controlled coagulation-fragmentation
equation.

The proof proceeds in four steps. We begin by establishing some basic consequences of (C1)—(C4). As
a second step, in Lemma 3.6, we show that for each ¢ € [0,T] the family {f,(¢) : n € N} is relatively weakly
compact in Xy. We then prove in Lemma 3.7 that (f,),cn is equi-continuous in time. These two properties
allow us to apply the generalised Ascoli-Arzela theorem in the weak topology of X (Theorem 3.9) and extract
a convergent subsequence. Finally, we identify every accumulation point as the solution corresponding to
the limit control u* and conclude, by uniqueness, that the whole sequence converges.

For every n € N we denote by C™ and F" the coagulation and fragmentation operators associated with
Ky, an, by, and by C* and F* the corresponding limit operators associated with K*, a*, b*.

The first result establishes uniform bounds on the coefficients as well as convergence properties for the
kernels.

Lemma 3.5. Under the assumptions of Theorem 3.3, the following properties hold:

(i) There exist A € (0,1) and ég > 0 such that
an(z) < do(1+ a:j‘) Vz € (0,00), Vn € N.

(ii) The expected number of fragments is uniformly bounded, i.e. there exists N > 0 such that

sup N, < N.
neN

(#ii) For every R > 0, there exist 0 < § < 1 and a function pgr : (0,00) = (0,00) such that pr(e) — 0 as
e — 0 and

min{y,R} .
/0 15(2) bn (2, ) an(y) dz < pr(E)(1 +59), (16)

(i) c, — a* uniformly on compact subsets of (0,00).
(v) For every r >0 and every y € (0,00),

bn(,y) = 0 (-, y) in L*(0,7).



Proof. Properties (i), (ii), (iii) follow from the convergence of the parameters (af, An,vy), where for (iii)
one mimics the computations of Remark 2.6. Properties (iv) and (v) follow directly from assumptions
(C1)—(C4) and the dominated convergence theorem. O

The compactness step, based on the Dunford—Pettis theorem, follows the standard argument in coagulation-
fragmentation theory used to prove weak compactness for sequences of solutions associated with truncated
kernels; see, for instance, [37] or [6, Chapter 8]. We sketch the proof for completeness.

Lemma 3.6. The set
{f.(t): neN,t€[0,T]}

is relatively weakly compact in X.

Proof. By the Dunford-Pettis theorem, it is enough to prove that the family {f,(t) : n € N, ¢t € [0,T]} is
bounded in X, = L*(0,00), tight, and equi-integrable.
Equi-boundedness and tightness: First, simple calculations show that for every t € [0, T

1
/ u, (t)Cpf(t, z)dx <0,
0

since controls are positive and a change of order of integration yields

-z
/Cfta: / K(z,y)f, (tx)f(tydydq:<—f/cl”ftx

Therefore, the growth of the number of particles within (0,1) can be controlled by the fragmentation gain

as follows
/ (t,x)dz </ fin(z dm—l—/ / / (z,y)on (y) L (T, y)dydzdr
0

/ fin(z der/ p1(1)/0 £, (7, x)(1 + 27)dzdr,

6) with R =1 and F = (0,1). As a consequence,
+ ), we have

where we exchanged the order of integration and used (

1
due to mass conservation and the inequality 1 + 29 < 2(1

o) 1 o] t o]
/ £,(t,7) < / £,(t, 2)dz +/ 2, (1, 2)dz < [ finllos +/ 2ﬁ1(1)/ £, (r, 2)(1 + 2)dadr.
0 0 1 0 0
Therefore, Gronwall’s inequality and mass conservation yield

I£.(D)llo.s < Cer Vn N, t€[0,T] (17)

for some constant C.; > 0 independent of n. Tightness in X follows from mass conservation since for R > 1

/fn(t,x x<—/ af, (t, z)dx < — Hme1

R

Equi-integrability. For n € N, ¢ € [0,T], and ¢ > 0, define

&n(t,€) :==sup {/E £,(t,x)dx: |E| < 5} .

sup  &p(t,e) —— 0.
neN, te[0,7T] =0

We prove that

By tightness it is enough to restrict to Borel sets E C (0, R) for R > 0. Let E C (0, R) with |E| < € be fixed.
Multiplying (5) by 1g, integrating over (0, R), and using Fubini’s theorem together with the nonnegativity
of f,, we obtain

/E £,(t,z) do < L fin(2) do + /0 t <un(7) /E Clf, (7, 7) do + [E FrEu(7,7) dz) dr.
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For the coagulation term, a change in the order of integration together with (C2), gives

1 R R—y 1~ N
Jetrm =5 [ [ e @Rt ) tra)dady < SR+ R Caty ()

since, for every y € (0, R), the translated set (E —y) N (0, R —y) is contained in (0, R) and has measure not
exceeding . For the fragmentation term, (16) yields

oo prmin{y,R}
/Efg"fn(r, x)dr < /0 /0 1g(@)by(z, y)an (y)dat, (1, y)dy < 2pr(g)Cep.
Therefore,

2
where n({ fin}, ) is the modulus of equi-integrability of { fin}. An application of Gréonwall’s lemma gives

fn(t, 5) S n({fin}a 5) + QTﬁR(E)Ceb + 1I%O(l + R)ﬂumaxceb/ gn(Ta E) dTa
0

En(t,e) < (n({fin}, g) + 2TﬁR(5)Ceb) exp (;K’O(l + R)ﬂumaxcebT> .

Since fi, € Xo = L'(0,00), its modulus of equi-integrability satisfies 7({fin},€) — 0 as ¢ — 0. Moreover,
Lemma 3.5 yields pr(e) — 0 as € — 0. Therefore, the right-hand side converges to 0 as € — 0, as desired. [

Now we show equi-continuity.

Lemma 3.7. The sequence (f,)nen s strongly equi-continuous in time with values in Xo. In particular,
there exists a constant Cq. > 0, independent of n, such that

[£(8) = £ (s)llg < Cec [t —s| VO<s<t<T, neN

Proof. Let 0 < s <t <T be fixed. For every n € N, by the definition of solution and recalling positivity of
solutions, controls, and kernels, we obtain

t 00
(£ (t) — £.(s)[lg < / /0 |:U.n(7') CoEn(T,x) + upn(7) [CP (7, 3) | + FpEn (7, 2) + | F'Eu (7, 2)| | da dr.

We estimate the four contributions separately. For the coagulation gain term, by straightforward com-
putations, (C2) and Fubini-Tonelli theorem, we have

t o0 t
1 - 1 .
/ / U, (1) Cyfa (7, ) dr dr < S tima Ko / £ ()5,0 d7 < (¢ = 5) Sttmax o C2,.
s JO s

Similarly, for the coagulation loss term,

t o0 t
/ / () |CP £ ()| didr < e Ko / 16 (P)I2 dr < (£ — )t Ko C2,.
S 0 S

The fragmentation loss contribution is handled by the uniform sublinear bound on the fragmentation

rates, namely oy, (7) < do(1 + ) < 2a0(1 + ), as follows:

t [ee] t oo
/ / ‘ﬂnfn(T, z)|dzdr < 2(340/ / 1+ )t (7, 2)dedr < (t — 8)2 &g Cep-
s JO s JO

On the other hand, for the fragmentation gain term, recalling Lemma 3.5 (i) and (ii), we have

/:/Ooof?fn(ﬂl‘)dxdT=/:/Oooan(y)(/Oybn(a:,y)dx>fn(@y)dyd7
S2070/:/000(1+y)(/Oybn(x,y)dm>fn(7,y)dyd7-S (t - 5) 2N Cep,

where N is the uniform bound on the number of fragments from Lemma 3.5.
Collecting the previous estimates, we infer that there exists a constant C.. > 0, independent of n, such
that
£ (t) — fn(s)”() < Cec |t — s,

which proves the claim. O
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To prove Theorem 3.3 we shall rely on the following consequence of Egorov’s theorem (see [6, Chapter 7]).

Proposition 3.8. Let Q C R? be Borel, u a finite measure, (fn)nen C L*(, 1) and (gn)neny C L¥(Q, ).
Assume that

o fu— f weakly in LY(Q, 1);
® g, — g p-a.e., with g € L=(Q, n) and sup,, ||gn||re < co.
Then fugn — fg weakly in L' (2, ).

For completeness we also recall a weak-topology version of Ascoli-Arzela [6, Theorem 7.1.16] specialised
to X().

Theorem 3.9. Let € be a set of weakly continuous maps [0, T] — Xo. Then & is relatively weakly sequentially
compact in C([0,T), Xow) if and only if

e (weak equi-continuity) for every to € [0,T] and every ¢ € L>(0, 00),

lim - sup|{¢, f(t) — f(to))| = 0;

t—to fe€

e there exists a dense set D C [0,T] such that, for everyt € D, the set {f(t): f € E} is relatively weakly
sequentially compact in Xg.

Proof of Theorem 3.3.
First, we note that the limit equation is well-posed, as the kernels satisfy Assumptions H.
We know from Lemma 3.6 that for every ¢ € [0, T the set

{£,(t) : n € N}

is relatively weakly compact in Xy, while Lemma 3.7 asserts that the sequence (f,)nen is strongly, thus
weakly, equi-continuous. Therefore, by Theorem 3.9 there exists a subsequence (not relabelled) and a
function f* € C([0,77], Xo.,») such that

£,(t) — £*(t) in X, for all ¢ € [0, T,

and the convergence is uniform in time in the weak topology of Xj.
We claim that the uniform bound (17) is inherited by the limit. Fix ¢ € [0,7]. For r > 0, define
¢r(x) == min{1l + z,r}. Since ¢, € L>°(0,00) and £, (t) — £*(¢) weakly in Xy, we have

/ (1 1) 60 (2) dr —> / Tt 1) ()
0 0

Moreover, 0 < ¢,.(x) < 1+ z, hence

/ *(t,x)p(z) dx < limsup/ £,(t,z)(1 + x) dz < Cep.
0 0

n—r oo

Since ¢ 11+ x as r — oo and £*(¢,-) > 0 a.e., the monotone convergence theorem yields

/O T8t 2) (1 2) de = [£(8)]o, < Ce (18)

Thus, (17) also holds for f*.
We now show that f* is a solution of (4) with the limit control u* and initial condition fiy.
For every n € N, t € [0,T] and a.e. z € (0,00) it holds

¢
f.(t,z) = fin(z) +/ {un(T) C™(£,(7)) () +.7-"”fn(7)(;r)} dr.
0
We know that, for each fixed t € [0,T], the left-hand side converges weakly to £*(¢) in L'(0,00) and hence

in L'(0, R) for every R > 0. We now show that, for every R > 0 and every t € [0,T], also the sequence of
right-hand sides

2> fnlw) 4 /0 t {un(T) e (£.(1)) (2) + f”fn(T)(x)] dr

12



converges weakly in L!(0, R), and that its limit coincides with

T = fin(z) + /Ot [u*(T) C(£(7)) () + ]-"*f*(r)(a:)] dr.

To this end we fix R > 0 and a test function ¢ € L>°(0, R), and prove the convergence of the corresponding
duality pairings for each operator C;', Cg', F;* and F' independently.

Coagulation loss. We want to prove that

R t R ¢
lim ; <p(a:)/0 un(T)Cl”(fn(T))(x)dex:/o @(m)/o u*(T)Cl*(f*(T))(x)dex.

n—-4oo

First, we claim that, for every 7 € [0,T] and = € [0, R],

/ K (z,y) f.(m,y) dy —>/ K*(z,y)t*(r,y)dy as n — oo. (19)
0 0

Indeed, for every r > 0 we have

/0 T (e, y)Ea(ry) — K*(2,9)E(1,9) dy‘ <

[ ettt = K@) (7 0) dy
+ /OO|Kn(x,y)fn(T, y) — K*(x, y)f*(r, y)| dy.

The first term on the right-hand side goes to zero, as n — oo, due to the weak convergence of £, (1) to £*(7)
in X and the uniform convergence of the coagulation kernels on [0, R] x [0,7]. For the second term, using
the uniform growth bound on K, and K*, we obtain the uniform estimate

> * * 2 1+ R
| 1Kt - K@t (] dy < 2K Co i
which can be made arbitrarily small by choosing r large enough, uniformly in n, 7 and x € [0, R]. Hence,
(19) is proved.
Next, the sequence of functions

T = / K (z,y) £.(7,y) dy
0

and its limit are uniformly bounded on [0, R], due to the sublinear growth of the coagulation kernels and
(17). Combining the weak convergence of f,,(7) to £*(7) and the pointwise convergence we just proved, we
can apply Proposition 3.8 and obtain the following pointwise convergence in 7:

R %) R o)
im [ () fa(r,2) / Ko (a,) £ (. y) dy di = / (@) £ (7, 2) / K*(2,y) £(7,y) dy de.

n—oo 0

Using again the uniform bounds on the kernels, the boundedness of ¢ and (17), it is easy to see that the
sequence of functions of 7 on the left-hand side and its limit are uniformly bounded on [0,T]. Since u,
converges weakly in L?(0,T) and hence in L'(0,T), we can now further apply Proposition 3.8 to conclude
that the sequence obtained by multiplying these functions by u,(7) converges weakly in L'(0,T) to the
corresponding limit with u*(7).

Recalling the definition of C; and testing in time against x4 € L°>°(0,7"), we obtain

t

R t R
lim u,(7) /0 o(z) Cf (£.(7)) (z) da dT = /0 u*(7) /0 o(z) Cf (£*(7)) () d dr.

n—-+oo 0

Exchanging the order of integration by means of the Fubini—Tonelli theorem gives the desired weak conver-
gence for the coagulation loss term.

Coagulation gain. We now need to prove that

R t R t
lim ; w(m)/o un(T)Cg(fn(T))(m)dex:/O w(m)/o u*(T)C;(f*(T))(x)dex. (20)

n—-+o0o
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By changing the order of integration and applying the usual change of variables in the gain term, we obtain
that for every 7 € [0, T

R R rR—y
| e @@ =5 [7 [ e+ i) Ko@) ) £ () ddy

For each fixed y € [0, R] the map = — ¢(x + y)K,(z,y) converges uniformly on [0, R — y] to x — ¢(z +
y)K*(x,y). Therefore, the same argument based on Proposition 3.8 that we used for the coagulation loss
term applies here as well, and yields (20). In this case no tail-control argument is required, since the domain
of integration in x and y is bounded.

Fragmentation loss. We now show that

R t R t
lim ga(x)/ an(z) £, (1, x) dr doe = / gp(x)/ o (z) £* (7, z) dr dx. (21)
n—=+oo Jo 0 0 0
In this case the control does not appear, and the argument is simpler. After exchanging the order of
integration in = and 7, it is enough to pass to the limit inside the integral in time.

For every fixed 7 € [0, T7,

R R
lim o(x) an(x) £, (1, 2) de = /0 o(x) a*(x) £ (1, z) dx

n—oo 0
follows from the uniform convergence of ., to a* on [0, R] and the weak convergence of f,(7) to £*(7) in

Xp. Moreover, the uniform bound on «,, yields

R R
| o) anta) (.2 do| < lellc G0 B Ca,
0

so the dominated convergence theorem applies in 7 and gives (21).

Fragmentation gain. To prove the convergence of the last duality pairing limit we introduce the
functions

min{y,R} min{y,R}
6= [ ehEnabdn  €0=[ @@y
0 0
defined for every y € (0,00). Due to (v) in Lemma 3.5 we have &, (y) — £*(y) pointwise for all y > 0,

W), 1€ (W)] < lelloo pr(R)(L +y?)  forally >0, (22)

with ¢ < 1.
After a standard change in the order of integration, our goal reduces to proving

Tim. / / (7, y) Enly) dy dr = / / (y) dy dr. (23)

We first observe that

lim / / (1,y) — (1)) &u(y) dy dr = 0. (24)

n—oo

For each fixed 7 € [0,T], the inner integrals over (0,00) converge to zero as we can split them over (0,r)
and (r,oc0) with » > 0. The integrals over (0,7) converge by Proposition 3.8, which combines the weak
convergence of f,(7) to £*(7), the pointwise convergence &, — £* and the uniform bound on (0,7) due to
(22). On the other hand the integral over (r,00) is controlled by (22) through the equi-boundedness (17).
The same bounds, together with (17), provide a uniform L!'(0,7) bound, so the dominated convergence
theorem applies in time and yields (24).

We now show that

in [ [ T B () (6nly) — € () dydr = 0. (25)

n—oo 0

Once again, the integrals are uniformly bounded in time, so it is enough to prove the pointwise convergence
for each fixed 7 € [0,T]. Let » > 1. Then

/ T b () (6aly) - ) dy' </ () |6n(y) — € (9)| dy + / T E () 6aly) — € W) dy.
0 0 r
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By the dominated convergence theorem, the first term on the right-hand side converges to zero as n — oo:
we are working on the bounded set (0,7), where &, — £* almost everywhere and the sequence (&), is
uniformly bounded.

On the other hand, on (r, 00), the bounds (18) and (22) yield the uniform tail estimate

4Ce [lloc Pr(R)
A+r)i-a

/mf%nwkaw—fwwhws4WﬁmﬁMR[/mu+yﬁﬁvwwws

so the right-hand side can be made arbitrarily small by choosing r large enough, uniformly in n and 7. This
proves (25). Combining (24) and (25) we obtain (23), as desired.

We have thus proved the desired weak convergence in L (0, R) for every R > 0. Therefore, by uniqueness
of the weak limit, we obtain that for a.e. z € (0, R) and all ¢ € [0,T] it holds

£*(t,z) = fin(x) —1—/0 [u*(r) C*(£(7)) () + F* (1) ()| dr.

Given the arbitrariness of R, the previous equality holds for almost every € (0, 00). This shows that f* is a
solution of the limit coagulation-fragmentation equation with control u* and initial condition fi,. Since this
Cauchy problem admits a unique solution, every subsequence of (f,,),cn admits a subsubsequence converging
to f*. Therefore, the whole sequence (f,),en converges to f* weakly in X, uniformly in time, and the proof
is complete.

O

3.2 Proofs of existence and stability

In this subsection, we provide the proofs for the main results stated in the introduction of this section,
relying on the continuity properties established in Theorem 3.3.

Proof of Theorem 8.1. The set of admissible controls U is closed, convex, and bounded in L?(0,T), and is
therefore weakly compact. Theorem 3.3 ensures that the control-to-state map is continuous with respect
to the weak topology of U; specifically, if u,, — u* in L?(0,T), then f,, (T) — fu-(T) in Xo. Since 1 is
lower semi-continuous with respect to the weak topology in Xy and the quadratic running cost is convex
and continuous (hence weakly lower semi-continuous), the functional

w T
u 5/0 (u(t) — 1) dt + o (£a(T))

is sequentially weakly lower semi-continuous on the weakly compact set /. The existence of a global minimiser
follows by the direct method of the calculus of variations. O

Next, we address the stability of optimal controls. We recall the functionals J,, and J* defined at the
beginning of the section associated with the converging coefficients.
Proof of Theorem 3.2. We verify the two conditions for I'-convergence in the weak topology of L2(0,T).

I-liminf inequality. Let u,, — u in Y. The quadratic term is convex and continuous, so by weak lower
semi-continuity:

T T
2 u(t) —1)2 im inf - u —1)2adt.
s [ =17 < im0 - 02

n— oo

Regarding the terminal cost, Theorem 3.3 implies that ]} (7') — £3(T) in Xo. Since ¢ is weakly continuous,
we have

G(E(T)) < liminf (€] (T)).

Summing these inequalities yields J*(u) < liminf,, . Jp ().
I'-limsup inequality. Fix any u € U. We choose the constant recovery sequence u,, := u for all n.
Applying Theorem 3.3 again (with constant controls), we obtain

£2(7) = £3(T) in X.
1) is weakly continuous in X, therefore,

U(£5(T)) = v (£U(T)).
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Since the control is fixed, the running cost is constant for all n. Thus, J,(u,) — J*(u), establishing the
I'-limsup inequality.
Convergence of minimisers. Since U/ is bounded, closed and convex in L?(0,T), it is weakly compact

and thus the sequence of functionals is equi-coercive. By the fundamental theorem of I'-convergence, any
cluster point of a sequence of minimisers of J,, is a minimiser of J*. O

Remark 3.10. This theorem provides a justification for the use of truncated kernels in the numerical optimi-
sation procedure. While the gradient computations in Section 4 require bounded kernels to ensure Fréchet
differentiability of the coagulation operator, Theorem 3.2 ensures that the optimal controls obtained for
these bounded approximations converge to an optimiser of the original physical problem with unbounded
kernels.

4 First-order analysis and necessary optimality conditions

In this section we derive an adjoint-based representation of the first variation of the cost functional with
respect to the control, together with a Pontryagin-type minimum principle for (locally) optimal control. We
work in the weighted state space Xy ; and in its dual space X 1 = Xg’l, endowed with the duality pairing
(+,+); see Subsection 4.1 for further details. Throughout this section we assume that the coagulation kernel
K is bounded:

(H2’) K € L*>((0,00) x (0,00)).

This implies that the coagulation operator C is differentiable on X 1; see Proposition 4.4. Note that this is
a strengthening of (H2) as it requires p = 0.

Recall that, for u € U, f,, denotes the solution of (4) with initial datum fi, and control u, and that the
cost functional is .

T =2 /0 (u(t) — 1)t + ¢ (Fa(T)). (26)
where 1: Xo 1 — R is Fréchet differentiable. Throughout this section, the initial datum fi, is fixed once and
for all. Accordingly, the dependence of constants on f;, will be omitted.

The section contains two main results: a first-order expansion of the cost functional along admissible
directions, together with Lipschitz continuity of this gradient, and a Pontryagin minimum principle. The
presentation relies on the equivalence between the notion of solution introduced in Definition 2.1 and the
mild semigroup formulation proved in Subsection 4.2.

We denote by (-,-)2 and || - ||2 the scalar product and norm on L?(0,T).

Theorem 4.1 (First-order expansion of the cost functional). Let ¢: X1 — R be Fréchet differentiable
with differential DY(f) € X1 for every f € Xo1. Then, for every u* € U and every direction
du € L2(0,T) such that u* + eéu € U for all sufficiently small e > 0, we have

J(u* 4+ edu) = J(u*) +&(V,J ("), 6u), + o(e), (27)
where V,J(u*) € L?(0,T) is given by
Vo (u*)(t) = w(u*(t) — 1) + (g (t), Cas (1)), t € [0,T). (28)
Here @+ is the unique solution of the backward adjoint Cauchy problem

{atsoa) = —F7(t) = w*(t) DClfur ()" (2),
#(T) = Dy (fu: ().

Moreover, if D is Lipschitz on bounded subsets of Xo 1, then the map

(29)

Usur— V,J(u) e L*0,7)

is Lipschitz continuous.
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For later use, we introduce the reduced Hamiltonian

H: Xo1 % Xeoy xR 5 R H(f, p,0) = %(w — 1)+ w(p, Cf). (30)

Theorem 4.2 (Pontryagin minimum principle). Assume that the terminal cost v is Fréchet differ-
entiable. Let u* € U be a locally optimal control in the strong L?(0,T) topology and let f* = fu- be
the corresponding optimal trajectory. Let ¢* = ¢, denote the solution of the adjoint equation (29)
associated with (£*,u*). Then, for almost every t € [0,T],

H(E* (1), 0" (0, u'(®) = _ min  H(E* (1), 0 (1), ).

we [umin 7umax]

In particular, if Py, un..] denotes the pointwise projection from R onto [Uumin, Umax] and w > 0, we
have

W (t) = Pl ] (1 L <go*(t),Cf*(t)>), for a.e. t €[0,T). (31)

Remark 4.3. The terminal cost presented in the introduction

Tmax

Mﬁ=i/ /() de

min

satisfies the assumptions of the previous theorems, indeed it is linear and continuous so that its differential
is independent of f and given by
Dyp(f) (@) = £z aman] (T)-

The remainder of this section is devoted to the construction of the adjoint equation in the dual space
Xoo,1 and to the proofs of Theorems 4.1 and 4.2.

4.1 Adjoint space and adjoint operators

Our adjoint variables live in the dual space

Xow1 =X, = {cp : (0,00) — R measurable : ||¢]|co,1 = esssup le@)l < oo}7 (32)
’ ) ’ x>0 1 +.T

equipped with the duality pairing

wJ%Amﬂ@f@N% o€ Xoons £ € Xou. (33)

The boundedness of K implies that the coagulation operator C: Xo; — Xp,1 is continuously Fréchet
differentiable (see [6, Theorem 8.1.1]); for completeness we recall the explicit formula and a local Lipschitz
estimate.

Proposition 4.4. The coagulation operator C: Xo1 — Xo1 is of class C*. For every f € X1, its Fréchet
derivative DC[f] € L(Xo1) is given, for g € Xo1, by

/<Kxfyy f(@ —y) 9ly) dy

- K(xy) y)dy — / K(z,y) f(y) g(z) dy.

0

In particular, the map f — DC[f] is linear and bounded from Xo1 into L(Xo1) with

IDCI U £(x0.) < 4K ool fllo15 Vfe Xoa.

Moreover, C is locally Lipschitz on bounded sets: if || filly 1, || f2llo, < C, then

ICf2 = Cfillos <AC[Klloo [f2 = fillg,1-

17



We next record the expressions of the adjoints of the linearised coagulation operator and of the fragmen-
tation operator.

Lemma 4.5 (Adjoint operators). Let f € Xy 1. Then:
(i) The adjoint DC[f]* : Xoo 1 — Xoo,1 18 given by

Delf p(a) = / T K, 2) f(y) ola + y) dy

-/ T K(,2) f) oly) dy - / " K(ey) F) o) dy.
0 0

Moreover, there exists a constant C > 0 (depending only on K ) such that

IDCIfTl < ClEllo I flloy V€ Xon.

(i) The adjoint fragmentation operator F*: dom(F*) = L>(0,00) C Xeo,1 —> Xoo,1 @S given by
Friole) = (o) pla) + [ () bo2) olo) do

Remark 4.6. The space Xo ;1 is not reflexive, and its dual X1 = X3, is strictly larger than L°°(0, c0).
Although F is densely defined on Xj 1, the natural domain of its adjoint is dom(F*) = L*°(0, c0), which is
only weak-* dense in X, 1 and not dense in the norm topology. As a consequence, the adjoint (backward)
equation will be formulated in the weak-x sense, that is, we characterise solutions by duality against every
feXoa.

4.2 The mild formulation and the linearised dynamics

In this part we deal with the linearisation of the coagulation-fragmentation equation. To do so, the
notion of mild semigroup solution will be instrumental.

Definition 4.7. Given a nonnegative fi, € Xo1 and a control u € U, we say that f: [0,T] — X1 is a mild
solution of (4) with such data if

f(t) = T#(t) fin + /0 T=(t —7)u(r) CE(7) dr,

where (7£(t))i>0 is the fragmentation semigroup on X ;.
We now show that every solution of (4) according to Definition 2.1 is indeed a mild solution.

Proposition 4.8. Let fi, € Xo1 be nonnegative and uw € U. Then (4) admits a unique mild solution. Such
solution coincides with the solution in the sense of Definition 2.1.

Proof. The existence and uniqueness of a local mild solution on a maximal interval [0, ¢*) is standard, since
F generates a Co-semigroup, u € L*°(0,7) and the coagulation operator is locally Lipschitz on X 1, see,
for example, [8, Theorem 4.3.3]. Let f be such a solution. We show that it coincides with the solution in
the sense of Definition 2.1 over [0,t*). Since, by Theorem 2.8, f exists on the whole interval [0,7] and has
bounded X ; norm there, this will imply that ¢t* =T

Truncated problems. For every n € N, we consider the truncated kernels

K(z,y), ifx+y<n,

an(z) = Ty (x)alz),  Kn(z,y) = { 0 othorwise, (34)

We denote by F,, and C,, the corresponding fragmentation and coagulation operators. We also introduce the
truncated initial condition f} = 1o ) fin. Since oy, is bounded and the expected number of fragments is
finite by (7), it is straightforward to check that F,, € £(Xo,1). We denote by (7,(t))i>0 the Co-semigroup
generated by F,.

Let f,, be the solution in [0, 7] in the sense of Definition 2.1 of the truncated coagulation-fragmentation

equation

£.(0) = 7 )

in»

{atfn(t) = Fufo(t) + u(t) Cof, (t),

18



which exists and is unique by Remark 3.4. On the other hand the mild solution £, only exists on the maximal
interval [0,¢}). Since F,, is bounded and C,, is continuous on Xy 1, the mild and integral formulations are

r'n

equivalent for (35); see [14, Chapter I, Section 3]. In particular, for every ¢ € [0,¢%),

£.(t) = To () fI + /O To(t — 7)u(7) Cufn (1) dr. (36)

Given the boundedness of F,,, this is equivalent to the integral formulation
t
£.(t) = fX +/ []-'nfn(T) + u(T)Cnfn(T)} dr, t e 0,tr). (37)
0

Applying the representation theorem for Bochner integrals in L-spaces (see [4, Theorem 2.39]), the integral
identity (37) admits an almost-everywhere pointwise representative, which is precisely the pointwise integral
formulation (S5). Moreover, this formulation implies absolute continuity in time for almost every x, and
hence (S3) holds. Continuity, together with the fact that the kernels K, and «;,, are bounded and compactly
supported, also ensures the integrability conditions (S4). Nonnegativity of mild solutions of coagulation-
fragmentation equations is standard; see, for instance, [6, Theorem 8.1.1]. Therefore, by uniqueness of
solutions, f, coincides with f, on [0,¢r). Furthermore, the same a priori estimates as in Theorem 2.8,

applied to the truncated equation, prevent
defined on [0, 7] and there coincides with f,,.

Convergence of the truncated semigroups. Let f € dom(F). Since an(x) — a(x) pointwise,
an(z) < a(z) and the expected number of fragments is finite, a straightforward application of the dom-
inated convergence theorem shows that

f'n(t)H from blowing up as ¢t — t%. Therefore, f, is globally
0,1

1Fnf = Ffllog 7= 0-

Moreover, the semigroups (7,(t));>0 satisfy a uniform exponential bound on Xg ;. Indeed, let g,(t) =
Tn(t)gin with g, > 0. By mass conservation of fragmentation (6), M;(g,(¢)) is constant. On the other
hand, since a,(y) < agy™ with A € [0,1), by (7), we have

d

71 Mo(8n(1) = /OOO(NV — 1) an(y)gn(t,y) dy < (N, — 1)apllgn(t)]

0,1

It follows from Gronwall’s lemma that

lgn(®llo < e llginllon,  t>0.

By positivity of 7,(t), the same estimate extends to arbitrary g;, € Xo,1, and therefore 7,,(¢) are uniformly
exponentially bounded. Since also (7£(t)):>0 is exponentially bounded on X 1 and dom(F) is a core for F
the Trotter-Kato approximation theorem [14, Theorem II1.4.8] applies and yields

sup || Tn(t)g — Tr()gllo, ——0 Vg€ Xona. (38)
te[0,T) n—o0

Convergence of the truncated mild solutions. We claim that f, converges to f in C(10,T*], Xo,1)
for every 0 < T* < t*. By the standard moment estimates for the truncated equation, there exists Ry,
independent of n, such that

‘f‘(t)H < Ryp-.

sup sup ||fn(t)H0,1+ o1

sup
neN¢e[0,7*] te[0,T*]

We know from Proposition 4.4 that the coagulation operators are locally Lipschitz on Xy ;, with constants
independent of n. Hence there exists Ly« such that

||Cnf_cngH0,1 < LT*Hf_g”OJ

for every n € N and every f,g € Xo,1 with |||y, lgllo, < B

Subtracting the mild formulations satisfied by f,, and f, taking norms and using the uniform semigroup
bound and the local Lipschitz estimate for C,, , we obtain

t
S €n<T*) + GCT umaxLT* /
0

£a(t) — ()|

. £.(r) — f(T)H dr,
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where

en(T7) = sup |[Tn(®)fiy = Tr(8) finllox

te[0,T]

t
+ sup /
tel0,7*]J0

t

+ sup /

te[0,7*]J0
It is easy to see that 8,L(T*) — 0. Indeed, for the first term, it is enough to use the uniform semigroup bound,

(38), and the fact that f} — fin in Xo1. The second term tends to zero by (38) and dominated convergence.
Finally, since K, (z,y) —> K(x,y) pointwise and |K,(z,y)| < |K(z,y)|, for every fixed 7 € [0,T*] one has

(Talt = 7) = To(t = )u(r)ck(r)| dr

0,1

Tn(t — T)u(r) (Cnf(T) — Cf(T)) dr.

H0,1

() — cf-*(ﬂH — 0

0,1 n—o0

Moreover, since K is bounded, easy computations show that
[Cnf(7) — CE(T)ll0.1 < ICuf (7)o + [ICE(7) (T)1I5.1-

Since f is bounded in C([0,7%], Xo.1), the integrand is dominated by an L'(0,7*) function independent of
n. Hence, dominated convergence yields the desired convergence. Gronwall’s lemma now yields

sup
te[0,T+]

TL

-t
0,1 n~>oo

Conclusion. By Remark 3.4 and Theorem 3.3, the truncated solutions f,, converge to f in C’([O, T+, Xo,w)-
On the other hand, the previous step shows that

f, ——f  in C([0,7%], X0,1),

n—oo

hence also in C ([O,T*],Xom,). Therefore, given the arbitrariness of T* we deduce that f = f on [0,t%), as
desired. O

A first consequence of the mild representation is the following Lipschitz dependence result.

Proposition 4.9 (Lipschitz dependence on the control). Let ui,us € U. Then there exists a constant
L. > 0, depending only on T', o, b, K, Umax, such that

sup £, () — £u, (1))
te[0,T

0 < Ley [ug — [,

Proof. We notice that since K is bounded, the bound in Theorem 2.8 ensures that the maps ¢ — Cf,,, from
[0,T] to Xo,1 are well defined and integrable. Therefore, given that F generates a Cp semigroup in X1 and
by the Duhamel formula, both solutions satisfy the mild formulation

fu,(t) = T#() fin + /0 Tx(t — 7)u;(7r) Cfy, (1) dr, 1=1,2.

Set w := f;, — f,,. Subtracting the two identities gives

= A T]_-(t — 7‘) ((112 - 111)(7') Cfy, (T) +u (T) (Cfu2 (T) — Cfy, (T))) dr.

Theorem 2.8 yields a uniform bound for [|Cfy,(7)l|y ;- Using the semigroup bound, and the local Lipschitz
estimate for C from Proposition 4.4, we then obtain a constant C' > 0 for which

t t
Iw(t)llo, < C / juz — w(r) dr + C / W),y dr-
Gronwall’s lemma yields

T
sup [w(B)los < Cr / uz — w(r) dr
0

t€[0,T]

for a constant Cp > 0 depending only on 7', uyax and the kernels. Finally, Cauchy—Schwarz gives the desired
inequality. O
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We now turn our attention to the linearised dynamics. Since u(-)DC[fy(-)] can be seen as a bounded
operator-valued perturbation of the fragmentation operator F, standard semigroup arguments (e.g., the
Dyson—Phillips expansion, see [31]) yield the following well-posedness result for the linearised equation.

Proposition 4.10 (Linearised equation). For u € U, consider the linear Cauchy problem

{at(v)(t)_ - Fo(t) +u(t) DC[fa ()] v(t) + g(t), (39)

with s € [0,T], o € Xo1, and g € L*(0,T; Xo.1). Then (39) is well-posed. More precisely, there ezists a
unique strongly continuous evolution family

By (19):0< 5 < < T} £(Xo)

characterised by the integral equation
t
Dyu(t,s) =Tr(t —s) + / Tt — 7)u(r) DCfy(7)] Pyu(r, s)dr. (40)

Moreover, for every v € Xo,1, the map t — ®y(t, s)v is the unique mild solution of the homogeneous problem
(39) corresponding to g = 0. For general g € L'(0,T;Xo.1), the unique mild solution is given by the
variation-of-constants formula

v(t) = Py(t, s)0 —|—/ D, (t,7) g(T) dr.

Moreover, there exist constants M > 0, w € R, independent of u € U, such that
[@u(t,s)] < Me®=2)  VO<s<t<T. (41)

Having established well-posedness of the linearised equation, standard semilinear arguments show that
it indeed describes the first-order variation of the controlled dynamics around a reference trajectory.

Proposition 4.11. Let
u® =u* +¢edu, fi = fin + €00,

and assume that u® € U and f > 0 for all € sufficiently small. Let further £ be the corresponding solution
of (4). Then
£ = £« +eof + o(e) in C([0,T),Xo0,1),

where 6f is the unique mild solution of

Ou(t) = Fo(t) + u*(t) DC[fu~ ()] v(t) + du(t) Cfyu«(t), 0f(0) = 0p. (42)
Proof. Set f* := f,« and define g€ := f* 4 &6f and p° := f¢ — g°. By the mild formulations for f¢, f*, and
0f, one obtains for every ¢ € [0, 7]

o) = [ Tt =9 [ (s)(Cr ()~ Ca* () + ()] s,
where
5 (s) = u*(s) (Cgs(s) — Cf*(s) — eDCF*(s)] 5f(s)) + edu(s) (Cge(s) - Cf*(s)).

Since £*,6f € C([0,T), Xo,1), the family {g*(¢) : t € [0,T], || <o} is bounded in X for g > 0 small
enough. By the continuous Fréchet differentiability of C on Xy 1, there exists a remainder r¢ € C([0,T], Xo,1)
such that

Cg® =Cf* + EDC[f*] of +r®, ||7"s||C([O,T],X0,1) = O(E).

Moreover, since C is locally Lipschitz on bounded sets, there exists L > 0 such that
||Cf5(t) - Cgs(t)llxo.l <L ||p6(t)HX0,1 Vit € [07T]

Using also that
IC&" — CEf*[lc(j0,11,%0,1) = O(E),
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we infer from the definition of I'¢ that

1T le(o,77,x0,1) = 0(€)-

Therefore, recalling the exponential bound on 7r and the uniform boundedness of the controls u®, there
exists C' > 0 such that

t t
16°(®) 0, < C / 16°()l1x0, ds + C / IT5(8)]1x0, ds.

By Gronwall’s lemma,
0% [l (0.77.%00) < Cr 1T [le(0,7),%0.,) = 0(€),
which ends the proof. O

4.3 The adjoint equation

We now turn to the backward adjoint equation. In light of Remark 4.6 and the nonreflexivity of Xg 1,
the adjoint fragmentation semigroup 77 is only weak-* continuous; accordingly, the adjoint Cauchy problem
is formulated in the weak-* sense.

Proposition 4.12. For every ¢ € X1 and u € U, the backward adjoint problem

(43)

{&so(t) = —F*p(t) — u(t) DC[fu(t)]*¢(t),
o(T) = ¢,

is well-posed in Xoo1. There exists a unique mild weak-x continuous ¢ such that, for all f € Xo1 and
s€ 0,77,

T
(p(s), ) = (Tx(T = s)&, [) + / (T#(r = s)u(r) DC[fu(7)]" (1), f)dr. (44)

Moreover, ¢p(s) = ®5(s,T)p, where @y (s,t) = Py(t,s)* is the adjoint evolution family, and there exist
M >0, w € R, independent of u € U, such that

J@4(s. )l < WP (0<s<t<T). (45)

Solutions depend Lipschitz continuously on the control and on the terminal condition. More precisely, for
every R > 0 there exists a constant Lo g > 0 such that

sup [l2(t) = @1(B)llc < La (i = willy + 02 = 21l ) (46)
telo,

for every ui,ugs € U and every p1, P2 € Xoo1 such that ||P1]lco,1s |P2llcen < R, where for i = 1,2, ¢;
denotes the solution of (43) associated with control w; and terminal condition ;.

Proof. For brevity, set
Byu(t) =u(t) DC[fy(t)] € L(Xo.1), te[0,T].

Since by Theorem 2.8 f;, is uniformly bounded in X 1, and f — DC|[f] is linear and bounded from Xy ; to
L(Xo,1), there exists a constant Cg > 0, independent of u € U, such that

[Bu(t)|l2(x0..) < CB for a.e. t € [0,T]. (47)

Evolution family and bound. Since ®, is a strongly continuous evolution family on Xy 1, its adjoints
3 (s,t) = Py(t,s)" form an evolution family on X1 = X§,. For every ¢ € Xoo 1 and f € Xo 1, the map

s = (D (s, 1)@, f) = (¢, Pu(T) 5)f)

is continuous because s — @, (7T, s)f is continuous in Xo 1. Hence @} (-, T)¢ is weak-* continuous. Also,
195 (s, )| = [[@ult, )" = [ult, s)l| < M e,

which proves (45).
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Existence and mild formula. Define ¢(s) := ®(s,T)¢ for s € [0,T]. Then ¢ is weak-* continuous
by the previous step. To derive the mild formula, pairing the integral equation (40) against f € Xo 1 gives

(p(s), f) = (&, ®u(T,5)f) = (&, Tr(T = 5)f) + /ST (@, @u(T,7) Bu(7) Tr(7 — s)f) dr.
The integrand is absolutely integrable in 7: indeed, by (45), (47), and the semigroup bound for 7z,
(6, @u(T,7) Bu(7) Tr(T = 8)f)| < |@llscis Me*T =) Cp Mre” ™) || fllo.1,
and the right-hand side belongs to L!(s,T). Using the adjoint relation twice, we obtain
<<,5, @, (T, 7) Bu(T) T (T — s)f> = <<I>fl(7', T)d, Bu(T) TE(T — s)f> = <T}(T — 8) Bu(T)" (1), f>
Therefore

(@6 1) = (THT = )6.0) + [ (T#r = sju(r) DERlr)) (7). £) d.

Lipschitz dependence on the control and the terminal condition. Fix R > 0, let uj,us € U,
and let @1, P2 € Xoo 1 satisty ||@1]lco,1, [|P2]loc,1 < R. For i =1,2, let

Bift) = w(t) DCIEu, (0], (1) i= @, (1T
Subtracting the two mild identities yields, for every s € [0,T],
po(s) — p1(s) =TF(T — s) (P2 — ¢1)
T T
+/ Tr(1 = s) (Ba(7) — Bi(7))" ¢1(7) dT+/ TH(T = 8) Ba(1)" (p2(7) — 1 (7)) dr.
Taking the norm in X« 1 and using || 7T7(t)|| < Mze*t, we get
l[p2(5) = @1(5)lloc1 < CllPz = Pillocn
T T
+€ [ 1Bar) = Bin)lecton ol dr + € [ la(n) = @17l dr (45)
for some constant C' > 0 independent of uy, us. Next, since f — DC][f] is linear and bounded,
1B2(r) = But)lexo) < € (Juz(r) = wa(7) + [fas (7) = fu, (7o)

for another constant C' > 0. Moreover, by (45), [l¢1(T)]lco1r < Me®T|p1]lco1 < Me*TR. Combining the
previous two estimates, Holder’s inequality, and Proposition 4.9, we infer that

T T T
/ 1Ba(r) — Bu(m) e,y dr < C / jua(r) — uy(r)|dr + C / foas (7) — Fuy () 01 7
s 0 0
<OTY?uy —wills + CT sup |fu,(t) — fu, (t)]lo1
te[0,T

< Crlug — uyla.
Inserting this into (48), we obtain
T
[p2(s) = @1(5)lloo,1 < CrllP2 — P1lloc,t + Crlluz — w2 + CR/ [p2(7) = @1(7) [ oc,1 AT
A backward Gronwall argument yields
sup lipa(t) = @1 (8) oot < La,r Iz = wills + 122 = @1l ).
t€[0,T]

for some constant Lg z > 0 depending only on R and on the data.
Finally, uniqueness follows by applying the previous estimate with u; = ug and @1 = ¢s. O
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4.4 Proof of Theorem 4.1

We now prove the gradient representation (28) and the Lipschitz continuity of u — V,J(u).

Proof of Theorem 4.1. The proof is divided into several steps.
Gradient formula. Denote by f,+ and ¢ the corresponding solutions of (4). By Proposition 4.11, we
can linearise the dynamics along fu+ and obtain

e = u* +€5f+0(€) in C([O,TLXOJ),
where
t
of(t) = / Dy (t,7) du(r) Cly« (1) dr. (49)
0
By Fréchet differentiability of ¢ in X 1,
Y(E(T)) = Y (fur (1)) + e (D(fu: (1)), 0£(T)) + o(e). (50)

Using (49), the growth bound (41) and the boundedness of Cfy«, the integrand is Bochner integrable in X 4
and Fubini—Tonelli theorem yields

T
(D (£ (T)), SE(T)) = /O ou(r) { DU(fas (1)), Dus (T, 7) Chs (7) )dr

T
= / bu(r) (@4 (7. T) D (£ (T)), Ch (7) )dr,
0
where we used duality in the second identity. Setting

Pux (T) = (I):;* (T’ T) D'(/)(fu* (T))a

Proposition 4.12 shows that ¢,,. is the unique weak-* mild solution of (29). Inserting (51) into (50) and
adding the contribution of the running cost gives

d
de

) = (w0 (1) = 1)+ (o (), Chas (1), 5u),,

which yields the expression of V,J(u*) and (27).

Lipschitz continuity. Let, for ¢ = 1,2, ¢, be the solution of (29) associated with the control u; and
terminal condition ¢; = D¢(fui (T)) Assume that D) is Lipschitz on bounded subsets of X 1. Since
{fu(T) : u € U} is bounded in X 1, the set {DyY(f,(T)) : u € U} is bounded in X 1, say by some R > 0.
Hence, by Proposition 4.12, the family {¢, }uer is uniformly bounded in L>(0,T; X 1) and

SUD [0, (1) = o, (Dlloot < Lo (102 = willz + 109 £y (T)) = D¥(fuy ()l )
te[0,T)

Since D1 is Lipschitz on the bounded set {f,(T") : u € U}, and Proposition 4.9 gives
[fu, (T) = fu, (T)llo,1 < Licg[luz — w2,
there exists L > 0 such that

SUp [|@y, (1) = @u, (H)lloc,1 < Lfluz — uy 2.
t€[0,7)

For t € [0, T] we estimate

(P, (1), Chuy (1)) — (P, (1), Chu, (0)] < [ICEu, ()ll01 00, (1) — P, (D)0,
F e, (Dlloo,1 [ICHu, (8) — Clu, (£)]0,1-

By (13) and Proposition 4.4, there exists C' > 0 such that

sup |[Cfu, (t)llo.1 < C, sup [y, (H)floc1 < C,
te[0,T] te[0,T]
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and

sup |[|Cfu, (t) — Cfy, ()]lo1 < C sup ||fu, (t) — fu, (¢)llo,1-
te[0,T) te[0,T]

Using the previous estimate for ¢,,, — ¢,,, and Proposition 4.9, we deduce that there exists L > 0 such that

sup (P, (1), Chuy (1)) = (e, (1), CHa, (1)) | < Lljuz — uy o

tel0,T
Finally,
IVud (uz) = Vyd (w12 < wlluz — will2 + [(@y,: Clu) = (@u, s Chuy) ||, < Liuz — i,
for some L > 0, which proves the claimed Lipschitz continuity of u — V,J(u). O

4.5 Proof of Theorem 4.2
We end this section with the proof of the Pontryagin minimum principle for (OCP).
Proof. Let u* be locally optimal in . If u € U, since U is convex we have that for every ¢ € [0, 1]
u i =u+e(u—u) el

By local optimality, J(ug) —J(u*) > 0 for all € sufficiently small. Theorem 4.1 along the direction ju = u—u*
yields
J(uf) = J(u*) +e(V,J(u*),du), + o(e),

dividing by ¢ and taking the limit for ¢ — 0 finally gives the variational inequality
(VyJ(u),u—u*)s >0 (52)
Fix a Borel set A C [0,T], w € [tUmin, Umax)- We introduce the control
w, ift e A,
ugw(t) = . (53)
u*(t) otherwise.

By specialising (52) at u = ua,, and recalling the expression of the gradient of J at u* we obtain

/A (w(u* () = 1) + (0 (), CE* (1)) (w — w* (1))t > 0
Therefore, for every fixed w € [Umin, Umax),
(w(u*(t) 1)+ (cp*(t),Cf*(t))) (w—u () >0 forae te[0,T]

By a standard density argument using Q N [Umin, Umax] and the continuity of H in w, one may choose the
exceptional null set independently of w. Equivalently, for a.e. t € [0,T] and every w € [tmin, Umax)

0 H (£*(1), ©* (1), u (1)) (w — u*(1)) > 0. (54)

Now, for a.e. t, the map
wr— H(f*(t),¢*(1),w)

is convex on [Umin, Umax|, and (54) is precisely its first-order optimality condition at w = u*(¢). Hence
H(f*(t), P (t), u*(t)) < H(f*(t), ga*(t),w) Yw € [Umin, Umax)

for almost every t € [0, 7], which is the desired minimum condition.
When w > 0, the Hamiltonian is strictly convex in w and the unconstrained minimiser is

wo(t) = 1 — & (0" (), CE* (1))

Projecting this minimiser onto the admissible control set [tmin, Umax] yields the explicit formula (31) for
almost every ¢ € [0,7]. O

Remark 4.13. A singular—arc analysis in the unregularised case w = 0 is beyond the scope of the present
work.
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5 Numerical experiments

This section illustrates the optimal control problem (OCP) on a single test case and confirms the qual-
itative behaviour predicted by our analysis. The focus is on a proof-of-concept rather than on numerical
analysis or high—order discretisations. All simulations are implemented in Python and accelerated with
JAX’s just-in-time compilation. The implementation is available at https://github.com/enricosartor/
coagulation-fragmentation-control.

5.1 Optimisation scheme
We consider the minimisation problem
. . w r 2 Fmax
min J(u) = min — / (u(t) —1)"dt + / fu (T, x)dx (55)
0 T

uel ueld 2

min

subject to the coagulation—fragmentation dynamics (4). The goal is thus to minimise the number of particles
whose sizes lie between o, and Tnmax. We recall that the admissible controls form the box

U={ueL*0,T): u(t) € [tmin, Umax] for a.e. t € (0,T)}.

which is closed and convex in L?(0,T).
Given the gradient formula in Theorem 4.1, we solve (55) by projected gradient descent. This leads to
the classical forward—-backward sweep:

(i) integrate the state equation forward in time for a given control;
(ii) integrate the adjoint equation backward in time with terminal condition ¢(T') = Dy (f(T));
(iii) update the control by a projected gradient step.

We adopt an optimise—then—discretise strategy: the continuous state and adjoint are both evaluated on
the same finite volume grid and time step (see §5.2), and all pairings use the corresponding quadrature.
In particular, the implemented search direction is the discretisation of the continuous gradient; we do not
derive a separate discrete adjoint.

For completeness, we record the adjoint equation in its formal strong form:

Dup(t,x) = / (K ()t ) olt. 2+ y) dy
-/ T aOK (g, 2)Ealty ) (t,y) dy + (1) / () K () fult.y) dy (56)
0 0

T alw)plt ) - / " a(@)b(y.2) o (t, ) dy.

In the analysis, the adjoint variable is constructed only as a weak-* solution as in Proposition 4.12; no
pointwise meaning of (56) is assumed. The expression above should therefore be understood as the formal
representation of the adjoint operator, which is the one we discretise in the numerical scheme.
Projected gradient algorithm
The projection P, onto U acts pointwise as
Poy(0)(t) = Plupinumad (u(t))-
Stationary points of (55) are characterised by the fixed—point relation
u* = Py (u* — 7V, J(u")) for any 7 > 0,

which motivates the gradient mapping
1
Gy(u) = ;(u — Py(u-— nVuJ(u)))

and the stopping criterion ||G1(ug)|l2 < e. The Lipschitz continuity of V,J on bounded subsets of U
(Theorem 4.1) implies the standard descent estimate. In particular, projected gradient descent with Armijo
backtracking produces a monotonically decreasing sequence J(uy) and satisfies |Gy, (ug)||2 — 0; see, e.g.,

[21, Theorem 2.4]. Algorithm 1 summarises one optimisation step.
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Remark 5.1. The convergence result established above concerns the optimisation procedure defined at the
continuous level, that is, using the gradient of the continuous reduced cost functional. By contrast, for
the numerical implementation based on an optimise-then-discretise strategy, no convergence result is proved
here. In particular, we do not claim convergence of the resulting discrete optimisation algorithm to a local
minimiser of the discretised problem.

Algorithm 1 Projected gradient descent

1: Choose an initial admissible control ug, parameters 19 > 0, 5 € (0,1), o € (0,1), and a tolerance € > 0.
2: for k=0,1,2,... do

3:  Forward pass: Integrate (4) with control uy to obtain the state fj.

4. Backward pass: Set ¢4 (T') = D¢ (fx(T)) and integrate (56) backward to obtain ¢.

5:  Gradient: Compute, for each ¢,

ge(t) = w(ug(t) = 1) + (@r(t),Cfu(t)) ax-

6: Stopping test: If
Jur = Pu(ur = gi)||, = IG1(ur)ll2 < e,

then terminate.
7. Line search: Choose the largest n, = 198" such that

J(Py(urk —mrgr)) < J(ug) — o ni |G, (ur)][3,

where 1
G, (ug) = *(Uk — Py (g, — ngkz))'
Nk
8:  Update:
U1 = Py(ug — nrgr)-
9: end for

5.2 Numerical discretisation

Both state and adjoint equations are discretised on the same uniform finite—volume grid on [0, 25] with
N, = 800 cells, spacing Az = 25/N,, and cell centres x; = (i — %)Am Spatial inner products reuse the
finite—volume quadrature,

N
<<paf>Aa: = Z‘Pz fl AJJ,
=1

so that the discrete pairing mirrors the X 1-Xoo 1 duality. Time stepping uses forward Euler with At = 0.005
for both the forward and backward equations. We denote by Ja¢ A, the discrete counterpart of the cost J.

Remark 5.2. In our numerical experiments we employ a straightforward finite—volume discretisation of the
coagulation—fragmentation equation. This scheme does not enforce exact conservation of the total mass
at the discrete level; we verified, however, that the resulting mass defect remains small on the grids used;
in the test case of Section 5.3, the relative mass loss does not exceed 1072. We emphasise that designing
and analysing structure—preserving numerical methods is not the focus of the present work. Conservative
schemes that preserve the behaviour of selected moments of the solution (for instance, the total number of
particles and their total mass) are available in the literature, see, for example, the fixed—pivot technique in
[24].

Remark 5.3. The adjoint system in Theorem 4.1 is formulated in X 1, a weighted-L>°-type dual space.
Because X1 is the dual of the nonreflexive weighted L' space Xo,1, the adjoint variables exist only in a
mild weak-* sense (see Proposition 4.12). Together with the nonseparability of X, ;1 and the fact that the
domain of the adjoint fragmentation operator is only weak-x dense, this raises delicate numerical issues. A
full finite volume error analysis of the backward problem is therefore beyond the scope of this paper; our
computations are intended merely to confirm the qualitative behaviour predicted by the theory.

27



Table 1: Gradient validation on the spatial grid used in the main test case. We report the plateau level
of the Taylor residual Ea; a.(€) and the relative mismatch pay a, between the discrete gradient V,Jas Ay
(JAX autodiff) and the time-discretised adjoint gradient.

Time step plateau of Eay aq(€) PAL AL

2At 1.1 x 1072 9.2 x 1072
At 6.0 x 1073 6.5 x 1072
At/2 3.0x 1073 4.6 x 1072

We validate the gradients on the fully discretised objective Ja¢ Az using a Taylor test. Given a unit
direction d (normalised with respect to the discrete L? inner product in time), we consider

 |Jacac(u+ed) = Jagac(u) — e{g(u), d)ae
Ent,nz(e) = - )

(a,byar = ZakbkAt. (57)
k

When g = ggiffmﬂ (u) = VyJaraz(u) is computed by automatic differentiation in JAX, the residual satisfies
Eat,nz(e) = O(e). In contrast, when g = gXs,(u) is obtained by discretising the continuous adjoint
system, Fa; az(€) exhibits a plateau as € | 0, reflecting the usual optimise-then—discretise vs. discretise—
then—optimise mismatch at fixed resolution.

To quantify this discrepancy we also compare the two gradients directly. Since the continuous adjoint

yields a time-density, we use the time-discretised quantity At gX4 ,(u) and report the relative error

ont disc

DAL A = HAt gCAt,Am(u) - gAt,Ar(u)HQ

(58)

The plateau level of (57) and the mismatch (58) decrease under time refinement on the fixed spatial grid of
the test case; see Table 1.

5.3 Test case: Avoiding the formation of fine particles.

We now specialise the cost functional (55) to a standard objective in aerosol engineering: reducing the
concentration of fine and ultrafine particles. In many applications (combustion, spray drying, atmospheric
chemistry), particles simultaneously coagulate (grow by collisions) and fragment (break under shear or chem-
ical reaction). Because sub-PMs 5 material is tightly regulated for health and climate reasons, we choose a
terminal cost that penalises the number of particles of size x < Zyax = 5.0 at the final time 7' = 1, and seek
controls that make this quantity as small as possible.

The kernels and initial data are

1 1 1 1 2
K(l‘7y): %(1—’—‘%)}1(1+y)i‘ﬂ[0,25](x+y)7 a(m):g\/-%7 b(x7y>:§a (59)
finl®) = 210,05 (2) exp[—(z — 7.5)2/50]. (60)
Coagulation is moderately size dependent and cut off beyond x + y = 25 to avoid out-of-grid loss of mass,
while fragmentation grows with size and produces on average Ny = 2 fragments per break—up (binary

fragmentation).

Algorithmic performance. We apply Algorithm 1 with ug = 1 and tolerance £ = 0.1, using Armijo
backtracking on the gradient mapping. We set 9 = 0.1, § = %, and ¢ = 10~%. For the reference choice
w = 1.0 the method converges in 15 iterations.

We monitor the loss J(ug) (Fig. 1a) together with three residuals (Fig. 1b): the projection residual

lur — Pu(ur — gk)|l2,
and two Pontryagin-like residuals, namely the relative control error

[l — gl 1
= k02 UR(E) = Py uman] | 1— - (pr(t),Cfu(t)) Ae |

il

and the relative Hamiltonian error

H(fr, pr,ur) — Hf .
Moo w) = Hill ey o i (0, eu0)).
| HEl, WE [thrminUsnax]

Sk
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As expected from the discussion in Section 5.1, the projection residual decreases monotonically. Moreover,
the PMP residuals also attain very small values, providing a posteriori evidence that the algorithm has
converged to a local minimiser.

Total Cost vs Iteration Residuals vs iteration
3.6 1 —e— Total cost
—— Terminal cost 100 4
3.4
3.2
T 107t
2 3.0 2
&
2.8
10*2 4
2.6
—— relatve control error --@+ Projection residual
2.4+ -4 Relative Hamiltonian error -~ tol = 0.1
T T T T T T T T T 1073 T T T T T T T T
0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14
Iteration Iteration
(a) Loss (b) Residuals

Figure 1: Objective value and residuals along the iterations of Algorithm 1.

Effect of the regularisation weight. To illustrate the trade-off between control effort and terminal
performance, we repeat the experiment for several values of the weight w in (55). Table 2 reports, for each
w, the optimal value J(u*), the terminal cost (number of particles within [0.0,5.0]), and the number of
iterations of Algorithm 1. As expected, the higher the weight, the less aggressive the control is.

w total cost terminal cost iterations
0.2 2.003 1.572 34
1.0 2.961 2.390 15
5.0 3.799 3.406 4

no control 4.378 4.378

Table 2: Effect of the regularisation weight w on the optimal cost and particles in the target region.

Optimal control and terminal densities. Figure 2 summarises the outcome for the different values of
the weight w. The locally optimal controls produced by the projected-gradient algorithm (Figure 2a) signifi-
cantly modify the dynamics and consistently outperform the uncontrolled case. The right panel (Figure 2b)
compares the initial distribution (black) with the uncontrolled and controlled terminal distributions. The
optimal controls effectively reduce the number of particles inside the target region [0.0,5.0], in line with the
modelling goal. In all cases, the control activity focuses near the final time 7" = 1, enhancing coagulation
when it is most effective for depleting the target window.

5 Optimal control Final densities
j admissible band target region

= Optimal control - w = 0.2 144 —— initial density
S 44 Optimal control - w = 1.0 === Optimal final density - w = 0.2
‘S’ = QOptimal control - w = 5.0 124 Optimal final density - w = 1.0
[] = No control ,': === QOptimal final density - w = 5.0
° ~ 1.0 === Final density - No control
2 37 <
= =
a >, 0.8 -
£ g
O 21 g 0.6
2 o
c 0.4+
8 11

...... 02
0 I } ' ' 0.0 T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0 5 10 15 20 25
time t particle size x

(a) (Locally) optimal controls with different weights. (b) Terminal densities with controls and without.

Figure 2: (Locally) optimal controls and corresponding terminal densities.
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6 Conclusion and perspectives

We have studied a coagulation—{ragmentation model in which a scalar control u(t) € [tmin, Umax] rescales
the coagulation kernel, K(t,z,y) = u(t) K (x,y). Working in the weighted space X 1, we established well-
posedness of the controlled dynamics and existence of optimal controls. A I'-convergence result then yields
robustness of optimal solutions with respect to perturbations of the kernels, with particular emphasis on
approximating unbounded coagulation kernels by truncations.

In the case of bounded coagulation kernels, linearising along a trajectory and formulating the adjoint
in the dual space X1 leads to a weak-* well-posed backward equation and a Pontryagin-type minimum
principle, together with a gradient representation. Under a natural Lipschitz assumption on the terminal
cost, this gradient depends Lipschitz continuously on the control, and at the continuous level this regularity
yields convergence of the projected-gradient method with Armijo backtracking. Section 5 provides a proof-
of-concept finite-volume implementation of this strategy. The numerical experiment shows that a single
low-dimensional actuator can substantially reshape the size distribution within a prescribed window.

Possible directions for future work include:

(a) More general kernels. Extend the analysis to coagulation and fragmentation kernels K, « and
b that allow for gelation or shattering. A natural goal in this regime is to quantify and ultimately
minimise the mass loss caused by these extreme phenomena.

(b) Control of fragmentation. Allow the optimiser to modulate the break-up rate « in addition to
scaling the coagulation kernel. This second actuator can restore influence when u alone is weak and
permits steering of the size spectrum by promoting or suppressing the production of small clusters.
The resulting bilinear—affine control problem, with two interacting adjoints, raises both analytic and
numerical questions, while closely reflecting industrial practice.

(¢) Size-dependent controls. A natural way to enrich the control action is to let it depend on particle
size. A fully general actuator u(t,z,y) acting on all pairs of sizes, however, is neither very practical
nor easy to identify in applications. A more structured option is to let the control depend only on
the total size of the colliding pair, for example through a law of the form wu(t,z,y) = ﬁ(t,a(x + y))
with a given (possibly nonlinear) function a. In this setting the optimiser can favour or penalise the
creation of particles according to their total size, while retaining a relatively low-dimensional control
description. Such size-dependent actuators would likely enlarge the reachable set and raise interesting
questions concerning controllability, optimisation, and numerical approximation.

(d) Finite-volume analysis. On the numerical side, it would be of interest to develop a finite-volume
analysis for the adjoint equation, together with a complete error analysis for the resulting gradient-
based optimisation scheme.
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